sin-3xt/8 + 52)

cos(3xt/d + 8)
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Problem 1.5:

(1) All CT sinusoidal signals are periodic. The function x1(7) can be simplified as follows:
x1(t) =sin(-57t/8+ 7/2) =sin(7/2-571/8) =cos(57t/8) =cos(myt). @, =57/8.
Therefore, x1(7) is periodic with fundamental period

I =

2 16

2x __
@y ~ 37/8 5°

(iv) All CT complex exponentials are periodic.

Therefore x4(r) = exp( j (5t + 7/4)) 1s also periodic with fundamental period 7, =2#.

(Vi) x7(f)= 1 +sin20¢ +cos(307+7/3)
L /

constant iodi 4
periodic periodic
h=%=15 L=Y4-£
Since
11 T 15 3 1
— =% x 1 =3 =rational number ,
T s -
2

x7(%) is periodic. The fundamental period of x7(7) is 27; =37, =%.
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Problem 1.10:

The CT signal v(f) = 4; sin(o,f + ¢;) + A, sin(m,f + ¢,) is the sum of two sinusoids and may not be always
periodic. It is periodic only when ®;/e, is a rational number. To consider the general case. where 1(7) is
not necessarily periodic, we will use the general formula to evaluate the power in the signal.

*dt

T T
. 2 . i . .
P, =lim - j |»()| dt = lim 5 J |4 sin(eyt + ¢ ) + 4, sin(@,f + ¢,)
) Too < —T‘ To® “ r = - <

T T T
. 2 . . N 2 . " 244, . B
=lim 5~ j- A sin’(of + ¢)dt + lim 2 j A2 sin® (ot + ¢, )dt + lim 252 .[ sin(ayt + ¢,)sin(o,t + ¢, )dt
Tox = o To® = T - - = Tox © b = <

-} R A

The right hand side of the above equation includes three integrals. The first integral P, represents the

power of a periodic signal 4; sin(ef + ¢;). Based on Problem 1.9, the average power P; is given by
. . . 2 . . . . .

(41)*/2. Similarly, the secong integral P, = (4,)*/2. The third integral is evaluated by substituting

2sin(f + ¢y) sin(of + §;) = cos(oyf + ¢ + Oyf + ) —cos(f + d; — f —b,)

to get
4, A ’ 4,4 r
Py = lim 42 [ cosl(o; + @)1 + (4 +0,)ldr + lim A2 [eos[(@y —0,)r+ by ~,))r.
-T -T

Case o1 # : In such a case, both integrals result in finite values giving

. A4, . .
P |= lim ——x (finite value#1) + lim
T—w 2r T—ox

A4,

or (finite value#2)=0.

Case o1 = m,: In such a case, we obtain

T
P, = ;1_12% x (finite value # 1) + ;1_1)1314,‘—}’ J cos[(¢, — ¢,)]dt
-T

: A4,
= 0.+ im 42 2T cos[(, — ¢,)] = 44, cos[(4i )]
Combining the above results, we obtain
% + % o, # o,

§+"T§+A,A2 cos(g—¢,) o =,

Problem 1.22:

) [(-1)8(-5)de= [ 46 (t-5)dr =4 6 (1-5)dr =4.

(ii) j(r—l)é(r—s)dtz j.45(t—5)dt=4j.5(t—5)dt=4.
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(iii)

(iv)

)

(vi)

(vii)
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[(=1)8 (1= 5)di = [45 (1=5)dr =4] 6 (1= 5)ai =0.

T (2t/3-5)8(3t/4-5/6)dt = T (21-5)6 G(r-))dt=4 T (31-5)5(1—)d:

which simplifies to

oo

=%J(%X%5]5(f%)dt=%j5(tg)dﬁ%,
2\ =-115/27 —eo

oo oo

[ exp(e=1)sin( (¢ +5)/4)5(1—1)dt = [ exp (¢ —1)sin ( (¢t +5)/4)3( — D

—oo —oo

which simplifies to

= T exp (0)sin (76/4)6(¢ —1)dt = sin (7r6/4)]2 o(t—1dt =sin(3m/2)=-1.

t=-1

T [sin (3mt/4)+ e |6 (—(t+1))dt = T [sin (3mt/4)+ e |8 (£ +1)dt = sin (3mt/4)+ e |

which simplifies to

=sin(-37/4)+¢’ = —sin(3n/4)=¢’ —4.

TI:u(t—6)—u(t—10):|sin(37rt/4)5(Z—S)dt=I:H(t—6)—“(t_lo):ISin(3”t/4)|,:5

which simplifies to

=[u(5-6)—u(5-10)]sin (375/4)=[0—0]sin (157/4)=0.

(viii) By noting that only the impulses located at t = =20 (m = —4), t=—-15 (m=-3),t=-10(m =-2), t =

S(m=-1),t=0m=0),t=5m=1),t=10(m=2),t=15 (m=13), and ¢t = 20 (m = 4) lie within
the integration range of (—21 < ¢ < 21), the integral reduces to

[ Se-so - [ Se-sme

—21\ m=—0 1\ m=—a

Changing the order of summation and integration, we obtain

4 21 4
1=y jtﬁ(z—sm)dt= D 5m=5(-4-3-2-1+0+1+2+3+4)=0. |
m=—4_91 m=—4
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f(=2t+6)
A

EECS 2602: Continuous Time Signals and Systems

-6 -5 -4 -3 -1 |0 1

v
~

\ 4
-~

1
T
|
w
S
S8

v
~

2 3 4 5 6

Problem 2.9
1) yO=x(r-2)

(a) Linearity: Since

x,(t) = x(-2)=y/(?)
X, (1) = x,(t=2)=y,(0)
o, () + B, (1) = ax, (1 =2)+ Bx, (t =2) = oy, (t) + By, (2)

therefore, the system is a linear system.

(b) Time Invariance: For inputs x;(¢) and x,(¢) = x1(¢ — T), the outputs are given by

x,(1) = x,(t=2)=y, ()
%(O=x-T)>x,(t-2)=x(t-T-2)=y,(t)

and y,(t=T)=x,(t—T—-2)=y,(t), the system is time invariant.

(c) Stability: Assume that the input is bounded |x(¢)| < M. Then, the output
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@|=|xt-2)| <M
is also bounded proving that the system is BIBO stable.

(d) Causality: Since the output depends only on the past input and does not depend on the future
values of the input, therefore, the system is causal.

(i) y()=x(2r-5)
(a) Linearity: Since
x(t)—=>x(2t=-5=y (t)
%, (1) > x,(2t=5) =, (t)
ax, (t)+ Bx,(t) = ox, (2t =5)+ Bx, (2t =5) = oy, (t) + By, (1)
therefore, the system is a linear system.
(b) Time Invariance: For inputs x;(¢) and x,(¢) = x1(¢ — T), the outputs are given by
x,(t) = x,(2t=5)=y,(?)
(O =x-T)—> x,2t=5)=y, ()
which implies that
Xy () =x(t=T) = y,(£) = x, (2t — 5)|x2 (=, (o =02 =5=T).
On the other hand,
y(-T)=x2t-5)|__, =xQ1-T)-5)=x2-2T-5),

and y,(1—T)# y, (t). Therefore, the system is NOT time invariant.

(c) Stability: Assume that the input is bounded |x(¢)| < M. Then, the output
()| =|x@t-5| <M
is also bounded proving that the system is BIBO stable.

(d) Causality: For (z > 5), the output depends on the future values of the input, therefore, the system
is NOT causal.

(iil)  y(t)=x(2t)-5
(a) Linearity: Since
x(t)—=>x(2t)-5=y (z‘)
%, (1) = x,(2t)-5=y,(t)
ax, (1) + Bx, (1) > ox,(2t) + Bx,(2t) =5 # oy, (1) + By, (¢)
because oy, (t)+ By, (t) = ax,(2t)+ Bx,(2t)—5(c + B) . Therefore, the system is NOT linear.

(b) Time Invariance: For inputs x;(¢) and x,(¢) = x1(¢ — T), the outputs are given by
x,(t) = x,20)=5=y,(?)
(1) =x,(t=T) = x,(20)=5=, (1)



7 Assignment 1 EECS 2602: Continuous Time Signals and Systems

which implies that
%O =x(=T) >y ()=x,20 =5 5 =x(2-T)-5.
On the other hand,
y(-T)=x@20|__, -5=x2@-T)-5=x(2:-2T)-5.
Clearly, y,(t=T)# y,(t) , therefore, the system is NOT time invariant.
(c) Stability: Assume that the input is bounded |x(¢)| < M. Then, the output
()| =|x20) - 5| <|x(20)| +5< M +5
is also bounded proving that the system is BIBO stable.

(d) Causality: For (¢ > 0), the system requires future values of the input to calculate the current
value of the input. Therefore, the system is NOT causal.

(iv)  y(t)=tx(¢+10)
(a) Linearity: Since
x (1)>m (1+10)=y (¢)
x, ()=, (t+10)=y, (¢)
ax, (t)+ Bx, (t) - otx, (¢ +10)+ Bix, (¢ +10) =0y, (1) + By, (1)
therefore, the system is a linear system.
(b) Time Invariance: For inputs x;(¢) and x,(¢) = x1(¢ — T), the outputs are given by
x,(t) =t (t+10) = y,(?)
X, ()=x,t-T) = tx,(t+10) =tx,(t =T +10) = y,(¢)
We also note that »(E-T)=-T)x,(t-T+10)#y, (¢),
therefore, the system is NOT time invariant.
(c) Stability: Assume that the input is bounded |x(#)| < M. Then, the output
()| = [ex(z +10)| = |f|x(z +10)| < M|
is unbounded as ¢t — oo. Therefore, the system is NOT BIBO stable.

(d) Causality: Since the output depends on the future values of the input, and therefore the system is
NOT causal.

O )= 20(x(0))= {2 x(1)=0
0 x(¥)<0
(a) Linearity: Since
x,(1) = 2u (x, (£))=y,(0)
x,(t) = 2u (x2 (t)): V,(1)
ox, (1) + Box, (1) = 2u (o, (t)+ Bx, (1)) = ¥(2)
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and ay,(t)+ By,(t)=20u (x1 (¢ ))+ 2Bu (x2 (¢ ));t y(t) . Therefore, the system is NOT linear.
Also, we note that

¥,()=»,(t) =2u (x2 (t))— 2u ()cl (¢ ));t Ax, @) —x,@)].
Therefore, the system is NOT an incrementally linear system either.

(b) Time Invariance: For inputs x;(¢) and x,(¢) = x1(¢ — T), the outputs are given by
x,(6) = 2u (x, ()= » (1)
x,()=x,t-T)—2u (x2 (l)): 2u (x1 (t—T)): V,(1)

We note that y,(t—T) =2u (xl (t-T )): ¥,(t), therefore, the system is time invariant.

(c) Stability: Since |y(?)| < 2, therefore, the system is BIBO stable.

(d) Causality: The output at any time instant does not depend on future value of the input. The
system is, therefore, causal.

V) yi)= {O =0 = [x(t) — x(t = 5) Ju(?)
x(O)-x(t=5) t=0
(a) Linearity: Since
x,(0) =[x (O =x,(t=5)]u@) = y,¢)
X, (1) = [%, ()= x,(t =5) Ju(®) = y,(?)
aux, (6) + B, (1) = [ {oux, (6) + Box, ()}~ foux, (¢ = 5) + Bx, (1 = 5) Hu(t) = y(¢)
=a[x, ()= x,(t=5) Ju(t) + B [x,(1) = x,(t = 5) Ju(?)
=ay, )+ By, ),
the system is linear.
(b) Time Invariance: For inputs x,(¢) and x»(¢) = x,(¢ — T), the outputs are given by
x,(0) =[x, (O =x,(t=35)u@®) = »,)
X, () =x,t=T) = [x,(t) —x,(t = 5) Ju(t) = »,(2)

We note that y,(t—T) # y, (¢) since
n(e=T)= 30|, , =[O -x=5)]u@) = xE=T)=x (=T =5)]u(t-T)

and 2O =[x, =x,(t =5) Ju(t) =[x, (t=T) = x,(t =T =35) Ju(®).

Therefore, the system is NOT time invariant.

(c) Stablity: Assume that the input is bounded |x(#)| < M. Then, the output
()| =|x(1) = x(t = 5)| < |x(0)] + |x(t = 5)| < 2M

is also bounded. Therefore, the system is BIBO stable.
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(d) Causality: The output does not depend on the future values of the input, therefore, the system is
causal.

y(t) = Tx2(6) +5x(1) +3
(a) Linearity: For x,(¢) applied as the input, the output y;(¢) is given by
yi(t) =Tx{ (6) + 5%, () +3
For x,(¢) applied as the input, the output y,(¢) is given by
¥ () =73 (£) + 5x, (1) + 3.
For x3(f) = o x1(¢) + B x2(¢) applied as the input, the output y3(¢) is given by
v3(0)=7(0 (1) +Bxy () +5(00sy (1) +Bxy (1)+3

o, y3() =l (0)+ 5x,(0)+ 3 )k BT (1) + 5%, (1) +3 ) 140Bx (O, (1) + 301 - = B)

»n (@) 2(0)

The above result implies that
y3(0) # oy () +By2 (1)
And hence the system is not linear.

(b) Time Invariance: For x,(f) and x,(¢) applied as the inputs, the outputs are given by

x,(t) = 7x12 &) +5x,(t)+3=y,1)
x,(t)=x,(t=T) = 7x;(t)+5x,(t) +3 = y,(2).

Substituting x,(¢) = x,(¢ —1") we obtain,
o) =Txf(t =T)+5x,(t =T) +3.
We also note that yl(t—T):7x12(t—T)+5x2(t—T)+3,
implying that y,( —7T) = y,(¢) . The system is, therefore, time invariant.
(c) Stablity: Assume that the input is bounded |x(#)| < M. Then, the output
()| = ‘7x2(t) +5x(t)+ 3‘ < The(e)|pe(e)| + ()] + 3< TM? +5M +3

is also bounded. Therefore, the system is BIBO stable.

(d) Causality: The output y(¢) at t = ¢, requires only one value of the input y(¢) at (¢ = ¢,). Therefore,
the system is causal.

(viii) y(2) = sgn(x(?))

(a) Linearity: For x,(¢) applied as the input, the output y;(¢) = sgn(x(?)).

For x,(¢) applied as the input, the output y,(¢) = sgn(xx(¢)).

For x3(f) = o x1(¢) + B x2(¢) applied as the input, the output y3(¢) is given by
¥3(6) = sgnlowx; (1) +Bxy (1)) % ausgn (v, () )+ Bsgn (x, (1)).

The above result implies that
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y3(0) # oy (1) +By2 (1)
And hence the system is not linear.
(b) Time Invariance: For x(¢) and x,(¢) = x,(t —T) applied as the inputs, the outputs are given by
x(6) = sgn ()= (1)
X (1) = x (¢ =T) = sgnlxy ()= y, (1)

Substituting x,(¢) = x,(¢—1") we obtain,

»2(0)=sgn(x (1= 7)).
We also note that »e-7T)= sgn(xl (t— T)),
implying that y;( —T) = y,(¢) . The system is, therefore, time invariant.

(c) Stablity: The system is stable as the output is always bounded between the values of —1 and 1.

(d) Causality: The output y(¢) at (¢ = #,) requires only one value of the input x(¢) at (¢ = #), therefore,
the system is causal.

ty
(ix) y(t)= _[ x(\)dh + 2x(f)
() Linearity: For x,(¢) and x,(¢) applied as the inputs, the outputs are given by

Iy

n®= [x0)dh+2x),

_to

t(J
720 = [ra(M)dh+2x,(0).
For x3(f) = o x1(¢) + B x2(¢) applied as the input, the output y3(¢) is given by

Ty

30 = [ (@x,(A)+ Bx,(2)) dA+2 (ax, () + B, (1))

1
fy ly

=a| [ x(DdA+2x,(t) [+ B| [ x,(DdA+2x,0) |,
M 442 4443 ™M 4424443

n() »2(0)
=ay, () + By, (1)
Therefore, the system is linear.
(b) Time Invariance: For x,() and x,(¢) = x,(¢ —T) applied as the inputs, the outputs are given by

ty

1O = 0= [x0)dr+2x0)

_t(]
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fy

%O =x=T) >y = [HMd+2x0),

1,
Substituting x,(#) = x,(¢—1") we obtain,

y,(t)= jlxl(ﬂ,—T)d;L+2x1(t—T).

)

1y-T

By substituting A" = A — T, we get y,(f) = J x,(A)dAN +2x,(t-T).
—t,-T
tO
We also note that »e-7T)= Jxl MNdh+2x,(t-T),

implying that y,(¢ —T) # y,(¢) . The system is, therefore, NOT time invariant.

(c) Stablity: Assume that the input is bounded |x(#)| < M. Then, the output

()= jx(k)dk +2x(t)| < j)-|x(7»)|d7» + 2/x(0)| < 2M1y +2M

1, —1,

is also bounded. Therefore, the system is BIBO stable.

(d) Causality: To solve the integral, the output y(¢) always requires the values of the input x(7)
within the range (—#, < t < ) no matter when y(¢) (even for ¢ < —t,) is being determined. Therefore,
the system is NOT causal.

ty

W(t) = f x(x)dm%

—oo

(a) Linearity: For x,(¢) and x,(¢) applied as the inputs, the outputs are given by

o dx
»(0)= Jx (WdA+=L.
y,(0) = j x,(Aydr+ P2

J dt

For x3(f) = o x1(¢) + B x2(¢) applied as the input, the output y3(¢) is given by

y3(t) = lj).(axl(l)_i_ﬁxz(l))d/l_l_ d(axl(t)djﬁxz(l‘))

—oo

% d (x,(0)) % d (x,(1))
:a“ xl(l)dl+T}+ﬁ“ xz(ﬂ,)dl+7:| ,

—oo

—oo

n(@) » (1)

=oy, () + By, (1)
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Therefore, the system is linear.

(b) Time Invariance: For x(¢) and x,(¢) = x,(t —T) applied as the inputs, the outputs are given by

%,(0) = 3, (1) = J K (dr+ S

dx,
X, ()= x,(t=T) = y,(t) = sz(/l)dm .

Substituting x,(#) = x,(¢ —1") we obtain,

fy

dx,(t=T)
t)= A-T)dA+———=.
»(8) j x(A=T) -
ol dx,(t—T)
By substituting A" = A — T, we get y,(¢) = Jxl(/’L’)dﬂ,’+1T.
We also note that y»(t=T)= Jxl(l)dl-FW,

implying that y,(¢ —T) # y,(¢) . The system is, therefore, NOT time invariant.

(c) Stablity: Assume that the input is bounded |x(#)| < M. Then, the output

dx(t) dx(t)

()| = jx(x)dx +2 )

—oo

j| W)dr+2=2

is unbounded because of the integral which integrates x(¢) from (- < ¢ < t;). Therefore, the system
is NOT stable.

(d) Causality: To solve the integral, the output y(¢) always requires only the values of the input x(¢)
within the range (—o < ¢ < ty) no matter when y(#) (even for ¢ < —fy) is being determined. Therefore,
the system is NOT causal.

4 3 2 2

d 4y+3d Y d §’+3ﬂ+y(t) :d—;+2x(t)+1

dt dt dt dt dt

(a) Linearity: For x;(¢) applied as the input, the output y;() is given by

4 3
dn 240, a’yl+3dyl (t)_

(S2.9.1)
A R
For x,(¢) applied as the input, the output y,(?) is given by
d4)’2 d3)’2 d Y2 dy, d’x X2
+3 +3 +y, (t)— +2x,(1)+1. (82.9.2)
a a ar a a> 7

For y3(f) = o x1(¢) + B x2(¢) applied as the input, the output y3(¢) is given by
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+2(0p, () + By, (H)+1,

d'vs s (s gdvs 0 o0 +Bn0)
at e e dr>

d*y, d’yy _d*y; L dy d’x d*x
or, 343523457 34353 4y () =0 —L-+2x (1) +1 |+ 2 4 2x,()+1 |+ |l—a—BJ
dl4 dt3 dt2 dt 2 dt2 l() B dtz 2() [ B]

Term 1 Term I1

Substituting the values of the derivative terms (Terms I and II) from Egs. (S2.9.1) ans (2.9.2), we
obtain

dlys L dys o d7yy o dys d'y, Py APy L dy
+3 +353 49, () =0 L3221y 57 14325140 (f
dt »2 (1) ar e i n(@)

i ar e dr’
Term I
d 43/2 d 3)’2 d Y2 dy,
+ +3 + () |+l —o—
B 3SRt |+ 1-o-p]
Term I1
which implies that y3(t) # oy (1) + By, (1) .

The system is, therefore, NOT linear. Note that the dc term of (+ 1) on the right hand side of the
differential equation contributes to the nonlinearity of the system

(b) Time-invariance: The system is time-invariant. The proof is similar to Problem 2.1.

(b) Time-invariance: For x(7) and x,(¢) = x,(t —T) applied as the inputs, the outputs are given by

a’4y1 d3y1 d Y1 dy, d’x X
+3 +32L 4y () = (S2.9.3)
s e a0
Ay, Py, d’yy  dy d*x
+3 +5 +322 49, () =—=2 4+ 2x, (1) +1.
dr* ar? dr? dt 2( dr? 2(0)
Substituting x,(¢) = x,(t—T") we obtain,
d'y, d’y, Ay, ,dy x,(t=T)
+3 245243224y (¢ _1—+2x t—=T)+1. S2.9.4
dr* ar dr’ dt »2() dr’ (6=1) ( )
Substituting T =¢+7 (which implies that df = dt) in Eq. (S2.9.3), we obtain
4 _ 3 _ 2 _ _
dt dt dt dt dr
4 3 2
dt* dr’ dr’ dt d

Comparing with Eq. (52.9.4), we obtain
»nO)=nt-T),
proving that the system is time-invariant.

(c) Stablity: The system is BIBO stable since a bounded input will always produce a bounded output.
(d) Causality: Express Eq. (S2.2) as follows:
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y(t)=-3 j y(e)do - sj jy(a)dadr 3] j j y(e)dadrdd — j j j j y(o)dadrdode

—o0 —00 —0 —00 —00 —00 —00 —00
t T 0 ¢

+5 j Jx(a)docdr+2j j jy(oc)dadrdQJr [ [ ] ] deardods

—o0 —co —00 —00 —0o —00 —00 —00 —o0

The output y(¢) at t = ¢, is given by

o), =-3 j y(o)do—5 j j y(e)dodt — 3] j j y(e)dadrdd — j j j j y(a)dadrdode

+5j | x(oc)dadr+2_0" | j yo)dadrdo + j j j jdadrdeaw)

—o0 —00 —00 —00 —00 —00 —00 —00 —oo

The system is causal since only the past values of the input x(¢), for —co < ¢ < ¢y, are needed to calculate the
output y(¢) at £ = .

Problem 2.13

(i)  The system is invertible with the inverse system given by
x(H)=3y(-2).
(i1)) To calculate the inverse system, we differentiate the integral to get

DO _ 1210,

The inverse system is obtained through two steps. Step 1 compute z(f) = dy/dt, while Step 2
computes x(¢) from the relationship x(¢) = z(¢ + 10).

(iii)) The system y(¢) = |x(?)| is not invertible as x(¢) = =a produces the same output y(¢) = a.

(iv) If y(¢) is differentiable then x(¢) can always be calculated uniquely from the expression

y()

x(t) ===+ y(1)

and the system is invertible. However, if y(¢) is not differentiable (for example, it contains a
discontinuity), then x(f) cannot always be calculated uniquely and the system is not invertible.

(v)  System represented by y(f) = cos(2mx(¢)) is not invertible as different values of x(¢) = (0 + 2mm),
where m is an integer, produce the same output.



