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Problem 1.5: 
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Problem 1.10: 

 

 

Problem 1.22: 

(i)  ( ) ( ) ( ) ( )1 5 4 5 4 5 4t t dt t dt t dtδ δ δ
∞ ∞ ∞

−∞ −∞ −∞

− − = − = − =∫ ∫ ∫ . 

(ii)  ( ) ( ) ( ) ( )
6 6 6

1 5 4 5 4 5 4t t dt t dt t dtδ δ δ
−∞ −∞ −∞

− − = − = − =∫ ∫ ∫ . 
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(iii)  ( ) ( ) ( ) ( )
6 6 6

1 5 4 5 4 5 0t t dt t dt t dtδ δ δ
∞ ∞ ∞

− − = − = − =∫ ∫ ∫ . 

(iv)  ( ) ( ) ( ) ( ) ( ) ( )3 10 102 4 2
3 4 9 3 3 92 / 3 5 3 / 4 5 / 6 5 ( ) 5t t dt t t dt t t dtδ δ δ

∞ ∞ ∞

−∞ −∞ −∞

− − = − − = − −∫ ∫ ∫  

 which simplifies to 

  ( ) ( )10 10 460 10 4604 2
3 3 9 9 81 9 81

115/ 27

5 t dt t dtδ δ
∞ ∞

− −

−∞ −∞≈−

⎛ ⎞
⎜ ⎟= × − − = − =
⎜ ⎟⎝ ⎠
∫ ∫

. 

(v)  ( ) ( )( ) ( ) ( )( )exp 1 sin 5 4 (1 ) exp 1 sin 5 4 ( 1)t t t dt t t t dtπ δ π δ
∞ ∞

−∞ −∞

− + − = − + −∫ ∫  

 which simplifies to 

  ( ) ( ) ( ) ( )exp 0 sin 6 4 ( 1) sin 6 4 ( 1) sin 3 2 1t dt t dtπ δ π δ π
∞ ∞

−∞ −∞

= − = − = = −∫ ∫ . 

(vi) ( ) ( ) ( ) ( ) ( )2 1 2 1 2 1

1
sin 3 4 ( 1) sin 3 4 1 sin 3 4t t t

t
t e t dt t e t dt t eπ δ π δ π

∞ ∞
− + − + − +

=−
−∞ −∞

⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ − + = + + = +⎣ ⎦ ⎣ ⎦ ⎣ ⎦∫ ∫  

 which simplifies to 

  ( ) ( )3 3 3 1
2

sin 3 4 sin 3 4e e eπ π= − + = − = − . 

(vii)  ( ) ( ) ( ) ( ) ( ) ( ) ( )
5

6 10 sin 3 4 5 6 10 sin 3 4
t

u t u t t t dt u t u t tπ δ π
∞

=
−∞

− − − − = − − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∫  

 which simplifies to  

  ( ) ( ) ( ) [ ] ( )5 6 5 10 sin 3 5 4 0 0 sin 15 4 0u u π π= − − − = − =⎡ ⎤⎣ ⎦ . 

(viii) By noting that only the impulses located at t = −20 (m = −4), t = −15 (m = −3), t = −10 (m = −2), t = 
−5 (m = −1), t = 0 (m = 0), t = 5 (m = 1), t = 10 (m = 2), t = 15 (m = 3), and t = 20 (m = 4) lie within 
the integration range of (−21 ≤ t ≤ 21), the integral reduces to 

  dtmttdtmttI
mm

∫ ∑∫ ∑
− −=−

∞

−∞=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−δ=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−δ=

21

21

4

4

21

21

)5()5( . 

 Changing the order of summation and integration, we obtain 

  ( ) .043210123455)5(
4

4

4

4

21

21

=+++++−−−−==−δ= ∑∑ ∫
−=−= − mm
mdtmttI  ▌ 
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Problem 1.26 

 

Problem 2.9 

(i)   ( ) ( 2)y t x t= −  

 (a) Linearity: Since 

  

1 2

1 1 1

2 2 2

1 2 1 2

( ) ( 2) ( )
( ) ( 2) ( )
( ) ( ) ( 2) ( 2) ( ) ( )x x

x t x t y t
x t x t y t

t t x t x t y t y tα β α β α β+ →

→ − =
→ − =

− + − = +
 

 therefore, the system is a linear system. 

 (b) Time Invariance: For inputs x1(t) and x2(t) = x1(t − T), the outputs are given by 

  
( )

1 1 1

2 1 2 1 2

( ) ( 2) ( )
( ) ( ) ( 2) ( 2)

x t x t y t

x t x t T x t x t T y t

→ − =
= − → − = − − =

 

 and 1 1 2( ) ( 2) ( )y t T x t T y t− = − − = , the system is time invariant. 

 (c) Stability: Assume that the input is bounded |x(t)| ≤ M. Then, the output 
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  Mtxty ≤−= )2()(  

 is also bounded proving that the system is BIBO stable. 

 (d) Causality: Since the output depends only on the past input and does not depend on the future 
values of the input, therefore, the system is causal. 

(ii)  ( ) (2 5)y t x t= −  

 (a) Linearity: Since 

  

( )
( )

1 2

1 1 1

2 2 2

1 2 1 2

( ) (2 5)

( ) (2 5)
( ) ( ) (2 5) (2 5) ( ) ( )x x

x t x t y t

x t x t y t

t t x t x t y t y tα β α β α β+ →

→ − =

→ − =
− + − = +

 

 therefore, the system is a linear system. 

 (b) Time Invariance: For inputs x1(t) and x2(t) = x1(t − T), the outputs are given by 

  
( )

1 1 1

2 1 2 2

( ) (2 5) ( )
( ) ( ) (2 5)

x t x t y t

x t x t T x t y t

→ − =
= − → − =

 

 which implies that  

  )52()52()()()( 1)()(2212
12

TtxtxtyTtxtx Ttxtx −−=−=→−= −= .  

 On the other hand, 

  1 1 1 1( ) (2 5) (2( ) 5) (2 2 5)
t t T

y t T x t x t T x t T
= −

− = − = − − = − − , 

 and ( )1 2( )y t T y t− ≠ . Therefore, the system is NOT time invariant. 

 (c) Stability: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

  Mtxty ≤−= )52()(  

 is also bounded proving that the system is BIBO stable. 

 (d) Causality: For (t > 5), the output depends on the future values of the input, therefore, the system 
is NOT causal. 

(iii)  ( ) (2 ) 5y t x t= −  

 (a) Linearity: Since  

  

( )
( )

1 2

1 1 1

2 2 2

1 2 1 2

( ) (2 ) 5

( ) (2 ) 5
( ) ( ) (2 ) (2 ) 5 ( ) ( )x x

x t x t y t

x t x t y t

t t x t x t y t y tα β α β α β+ →

→ − =

→ − =
+ − ≠ +

 

 because 1 2 1 2( ) ( ) (2 ) (2 ) 5( )y t y t x t x tα β α β α β+ = + − + . Therefore, the system is NOT linear. 

 (b) Time Invariance: For inputs x1(t) and x2(t) = x1(t − T), the outputs are given by 

  
( )

1 1 1

2 1 2 2

( ) (2 ) 5 ( )
( ) ( ) (2 ) 5

x t x t y t

x t x t T x t y t

→ − =
= − → − =
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 which implies that  

  5)2(5)2()()()( 1)()(2212
12

−−=−=→−= −= TtxtxtyTtxtx Ttxtx . 

 On the other hand, 

  1 1 1 1( ) (2 ) 5 (2( )) 5 (2 2 ) 5
t t T

y t T x t x t T x t T
= −

− = − = − − = − − . 

 Clearly, 1 2( ) ( )y t T y t− ≠ , therefore, the system is NOT time invariant. 

 (c) Stability: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

  55)2(5)2()( +≤+≤−= Mtxtxty  

 is also bounded proving that the system is BIBO stable. 

 (d) Causality: For (t > 0), the system requires future values of the input to calculate the current 
value of the input. Therefore, the system is NOT causal. 

(iv)   ( ) ( 10)y t tx t= +  

 (a) Linearity: Since 

  

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )1 2

1 1 1

2 2 2

1 2 1 2

10

10

10 10 ( ) ( )x t x t

x t tx t y t

x t tx t y t

tx t tx t y t y tα β α β α β+ →

→ + =

→ + =

+ + + = +

 

 therefore, the system is a linear system. 

 (b) Time Invariance: For inputs x1(t) and x2(t) = x1(t − T), the outputs are given by 

  1 1 1

2 1 2 1 2

( ) ( 10) ( )
( ) ( ) ( 10) ( 10) ( )

x t tx t y t
x t x t T tx t tx t T y t

→ + =
= − → + = − + =

 

 We also note that ( ) ( ) ( )1 1 2( ) 10y t T t T x t T y t− = − − + ≠ , 

 therefore, the system is NOT time invariant. 

 (c) Stability: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

  tMtxtttxty ≤+=+= )10()10()(  

 is unbounded as t → ∞. Therefore, the system is NOT BIBO stable. 

 (d) Causality: Since the output depends on the future values of the input, and therefore the system is 
NOT causal. 

(v) ( )
2 ( ) 0

( ) 2 ( )
0 ( ) 0

x t
y t u x t

x t

≥⎧⎪= = ⎨
<⎪⎩

 

 (a) Linearity: Since 

  

( )( )
( )( )

( ) ( )( )1 2 1 2

1 1 1

2 2 2

( ) 2 ( )

( ) 2 ( )

( ) ( ) 2 ( )x x x t x t

x t u x t y t

x t u x t y t

t t u y tα β α β+ → +

→ =

→ =

=
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 and ( )( ) ( )( )1 2 1 2( ) ( ) 2 2 ( )y t y t u x t u x t y tα β α β+ = + ≠ . Therefore, the system is NOT linear. 

 Also, we note that  

  ( )( ) ( )( ) [ ]2 1 2 1 2 1( ) ( ) 2 2 ( ) ( )y t y t u x t u x t x t x tλ− = − ≠ − . 

 Therefore, the system is NOT an incrementally linear system either. 

 (b) Time Invariance: For inputs x1(t) and x2(t) = x1(t − T), the outputs are given by  

  
( )( )

( )( ) ( )( )
1 1 1

2 1 2 1 2

( ) 2 ( )

( ) ( ) 2 2 ( )

x t u x t y t

x t x t T u x t u x t T y t

→ =

= − → = − =
 

 We note that ( )( )1 1 2( ) 2 ( )y t T u x t T y t− = − = , therefore, the system is time invariant. 

 (c) Stability: Since |y(t)| ≤ 2, therefore, the system is BIBO stable. 

 (d) Causality: The output at any time instant does not depend on future value of the input. The 
system is, therefore, causal. 

(vi) [ ]
0                         t<0

( )        ( ) ( 5) ( )
( ) ( 5)     t 0

y t x t x t u t
x t x t

⎧⎪= = − −⎨
− − ≥⎪⎩

 

 (a) Linearity: Since 

  

[ ]
[ ]

{ } { }
[ ] [ ]

1 2 1 2 1 2

1 1 1 1

1 1 1 1

2 2 2 2

( ) ( ) ( 5) ( ) ( )

( ) ( ) ( 5) ( ) ( )

( ) ( ) ( ) ( ) ( 5) ( 5) ( ) ( )

                          = ( ) ( 5) ( ) ( ) ( 5) ( )
                    

x x x x x x

x x x x

x t x t x t u t y t

x t x t x t u t y t

t t t t t t u t y t

t t u t t t u t

α β α β α β

α β

+ → + +

→ − − =

→ − − =

⎡ ⎤− − − =⎣ ⎦
− − + − −

1 2     ( ) ( ),y yt tα β+=

 

 the system is linear. 

 (b) Time Invariance: For inputs x1(t) and x2(t) = x1(t − T), the outputs are given by 

  
[ ]

[ ]
1 1 1 1

2 1 2 2 2

( ) ( ) ( 5) ( ) ( )

( ) ( ) ( ) ( 5) ( ) ( )

x t x t x t u t y t

x t x t T x t x t u t y t

→ − − =

= − → − − =
 

 We note that ( )1 2( )y t T y t− ≠  since 

  [ ] [ ]1 1 1 1 1 1( ) ( ) ( ) ( 5) ( ) ( ) ( 5) ( )
t t T t t T

y t T y t x t x t u t x t T x t T u t T
= − = −

− = = − − = − − − − −  

 and [ ] [ ]2 2 2 1 1( ) ( ) ( 5) ( ) ( ) ( 5) ( )y t x t x t u t x t T x t T u t= − − == − − − − . 

 Therefore, the system is NOT time invariant. 

 (c) Stablity: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

  Mtxtxtxtxty 2)5()()5()()( ≤−+≤−−=  

 is also bounded. Therefore, the system is BIBO stable. 
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 (d) Causality: The output does not depend on the future values of the input, therefore, the system is 
causal. 

(vii)  3)(5)(7)( 2 ++= txtxty  

 (a) Linearity: For x1(t) applied as the input, the output y1(t) is given by 

  3)(5)(7)( 1
2
11 ++= txtxty  

 For x2(t) applied as the input, the output y2(t) is given by 

  3)(5)(7)( 2
2
22 ++= txtxty . 

 For x3(t) = α x1(t) + β x2(t) applied as the input, the output y3(t) is given by 

  ( ) ( ) 3)()(5)()(7)( 21
2

213 +β+α+β+α= txtxtxtxty , 

 or,  ( ) ( ) ( )β−α−+αβ+++β+++α= 13)()(143)(5)(73)(5)(7)( 21
)(
2

2
1

)(
1

2
13

21

txtxtxtxtxtxty
tyty

      

 The above result implies that   

  )()()( 213 tytyty β+α≠ , 

 And hence the system is not linear. 

 (b) Time Invariance: For x1(t) and x2(t) applied as the inputs, the outputs are given by 

  
2

1 1 1 1
2

2 1 2 2 2

( ) 7 ( ) 5 ( ) 3 ( )
( ) ( ) 7 ( ) 5 ( ) 3 ( ).

x t x t x t y t
x t x t T x t x t y t

→ + + =
= − → + + =

 

 Substituting 2 1( ) ( )x t x t T= −  we obtain, 

 3)(5)(7)( 2
2
12 +−+−= TtxTtxty . 

 We also note that 3)(5)(7)( 2
2
11 +−+−=− TtxTtxTty , 

 implying that )()( 21 tyTty =− . The system is, therefore, time invariant. 

 (c) Stablity: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

  3573)(5)()(73)(5)(7)( 22 ++≤++≤++= MMtxtxtxtxtxty  

 is also bounded. Therefore, the system is BIBO stable. 

 (d) Causality: The output y(t) at t = t0 requires only one value of the input y(t) at (t = t0). Therefore, 
the system is causal. 

(viii) y(t) = sgn(x(t)) 

 (a) Linearity: For x1(t) applied as the input, the output y1(t) = sgn(x1(t)). 

 For x2(t) applied as the input, the output y2(t) = sgn(x2(t)). 

 For x3(t) = α x1(t) + β x2(t) applied as the input, the output y3(t) is given by 

  ( ) ( ) ( ))(sgn)(sgn)()(sgn)( 21213 txtxtxtxty β+α≠β+α= . 

 The above result implies that 
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  )()()( 213 tytyty β+α≠ , 

 And hence the system is not linear. 

 (b) Time Invariance: For x1(t) and 2 1( ) ( )x t x t T= −  applied as the inputs, the outputs are given by 

  ( )
( ) )()(sgn)()(

)()(sgn)(
2212

111
tytxTtxtx

tytxtx
=→−=

=→  

 Substituting 2 1( ) ( )x t x t T= −  we obtain, 

( ))(sgn)( 12 Ttxty −= . 

 We also note that ( ))(sgn)( 11 TtxTty −=− , 

 implying that )()( 21 tyTty =− . The system is, therefore, time invariant. 

 (c) Stablity: The system is stable as the output is always bounded between the values of −1 and 1. 

 (d) Causality: The output y(t) at (t = t0) requires only one value of the input x(t) at (t = t0), therefore, 
the system is causal. 

(ix) )(2)()(
0

0

txdxty
t

t

+λλ= ∫
−

 

 (a) Linearity: For x1(t) and x2(t) applied as the inputs, the outputs are given by 

  )(2)()( 111

0

0

txdxty
t

t

+λλ= ∫
−

, 

  )(2)()( 222

0

0

txdxty
t

t

+λλ= ∫
−

. 

 For x3(t) = α x1(t) + β x2(t) applied as the input, the output y3(t) is given by 

  

( ) ( )
0

0

0 0

0 0

1 2

3 1 2 1 2

1 1 2 2

( ) ( )

1 2

( ) ( ) ( ) 2 ( ) ( )

( ) 2 ( ) ( ) 2 ( )

( ) ( )

t

t

t t

t t

y t y t

y t x x d x t x t

x d x t x d x t

y t y t

α λ β λ λ α β

α λ λ β λ λ

α β

−

− −

= + + +

⎡ ⎤ ⎡ ⎤
= + + +⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= +

∫

∫ ∫
1 4 4 4 2 4 4 4 3 1 4 4 4 2 4 4 4 3

, 

 Therefore, the system is linear. 

 (b) Time Invariance: For x1(t) and 2 1( ) ( )x t x t T= −  applied as the inputs, the outputs are given by  

)(2)()()( 1111

0

0

txdxtytx
t

t

+λλ=→ ∫
−
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)(2)()()()( 22212

0

0

txdxtyTtxtx
t

t

+λλ=→−= ∫
−

, 

 Substituting 2 1( ) ( )x t x t T= −  we obtain, 

 
0

0

2 1 1( ) ( ) 2 ( )
t

t

y t x T d x t Tλ λ
−

= − + −∫ . 

 By substituting λ´ = λ – T, we get 
0

0

2 1 1( ) ( ) 2 ( )
t T

t T

y t x d x t Tλ λ
−

− −

′ ′= + −∫ . 

 We also note that )(2)()( 111

0

0

TtxdxTty
t

t

−+λλ=− ∫
−

, 

 implying that )()( 21 tyTty ≠− . The system is, therefore, NOT time invariant. 

 (c) Stablity: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

 MMttxdxtxdxty
t

t

t

t

22)(2)()(2)()( 0

0

0

0

0

+≤+λλ≤+λλ= ∫∫
−−

 

 is also bounded. Therefore, the system is BIBO stable. 

 (d) Causality: To solve the integral, the output y(t) always requires the values of the input x(t) 
within the range (−t0 ≤ t ≤ t0) no matter when y(t) (even for t < −t0) is being determined. Therefore, 
the system is NOT causal. 

(x) 
dt
dxdxty

t

+λλ= ∫
∞−

0

)()(  

 (a) Linearity: For x1(t) and x2(t) applied as the inputs, the outputs are given by 

  
0

1
1 1( ) ( )

t dx
y t x d

dt
λ λ

−∞

= +∫ , 

  
0

2
2 2( ) ( )

t dx
y t x d

dt
λ λ

−∞

= +∫ . 

 For x3(t) = α x1(t) + β x2(t) applied as the input, the output y3(t) is given by 

  

( ) ( )

( ) ( )

0

0 0

1 2

1 2
3 1 2

1 2
1 2

( ) ( )

1 2

( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )

t

t t

y t y t

d x t x t
y t x x d

dt

d x t d x t
x d x d

dt dt

y t y t

α β
α λ β λ λ

α λ λ β λ λ

α β

−∞

−∞ −∞

+
= + +

⎡ ⎤ ⎡ ⎤
= + + +⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= +

∫

∫ ∫
 

, 
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 Therefore, the system is linear. 

 (b) Time Invariance: For x1(t) and 2 1( ) ( )x t x t T= −  applied as the inputs, the outputs are given by  

0

1
1 1 1( ) ( ) ( )

t dx
x t y t x d

dt
λ λ

−∞

→ = +∫  

0

2
2 1 2 2( ) ( ) ( ) ( )

t dx
x t x t T y t x d

dt
λ λ

−∞

= − → = +∫ . 

 Substituting 2 1( ) ( )x t x t T= −  we obtain, 

 
0

1
2 1

( )( ) ( )
t dx t T

y t x T d
dt

λ λ
−∞

−= − +∫ . 

 By substituting λ´ = λ – T, we get 
0

1
2 1

( )( ) ( )
t T dx t T

y t x d
dt

λ λ
−

−∞

−′ ′= +∫ . 

 We also note that 
0

1
1 1

( )( ) ( )
t dx t T

y t T x d
dt

λ λ
−∞

−− = +∫ , 

 implying that )()( 21 tyTty ≠− . The system is, therefore, NOT time invariant. 

 

 (c) Stablity: Assume that the input is bounded |x(t)| ≤ M. Then, the output 

 
dt
tdxdx

dt
tdxdxty

tt
)(2)()(2)()(

00

+λλ≤+λλ= ∫∫
∞−∞−

 

 is unbounded because of the integral which integrates x(t) from (−∞ ≤ t ≤ t0). Therefore, the system 
is NOT stable. 

 (d) Causality: To solve the integral, the output y(t) always requires only the values of the input x(t) 
within the range (−∞ ≤ t ≤ t0) no matter when y(t) (even for t < −t0) is being determined. Therefore, 
the system is NOT causal. 

(xi) 1)(2)(353 2

2

2

2

3

3

4

4
++=++++ tx

dt
xdty

dt
dy

dt
yd

dt
yd

dt
yd  

 (a) Linearity: For x1(t) applied as the input, the output y1(t) is given by 

  1)(2)(353 12
1

2

1
1

2
1

2

3
1

3

4
1

4
++=++++ tx

dt
xdty

dt
dy

dt
yd

dt
yd

dt
yd . (S2.9.1) 

 For x2(t) applied as the input, the output y2(t) is given by 

  1)(2)(353 22
2

2

2
2

2
2

2

3
2

3

4
2

4
++=++++ tx

dt
xdty

dt
dy

dt
yd

dt
yd

dt
yd . (S2.9.2) 

 For y3(t) = α x1(t) + β x2(t) applied as the input, the output y3(t) is given by 
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  ( ) ( ) 1)()(2)()()(353 212
21

2

2
3

2
3

2

3
3

3

4
3

4
+β+α+β+α=++++ tyty

dt
txtxdty

dt
dy

dt
yd

dt
yd

dt
yd , 

 or, [ ]β−α−+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++β+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++α=++++ 11)(21)(2)(353

II Term

22
2

2

I Term

12
1

2

2
3

2
3

2

3
3

3

4
3

4

    

tx
dt
xdtx

dt
xdty

dt
dy

dt
yd

dt
yd

dt
yd . 

 Substituting the values of the derivative terms (Terms I and II) from Eqs. (S2.9.1) ans (2.9.2), we 
obtain 

  
[ ]β−α−+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++++β+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++++α=++++

1)(353

)(353)(353

II Term

2
2

2
2

2

3
2

3

4
2

4
I Term

1
1

2
1

2

3
1

3

4
1

4

2
3

2
3

2

3
3

3

4
3

4

  

  

ty
dt
dy

dt
yd

dt
yd

dt
yd

ty
dt
dy

dt
yd

dt
yd

dt
ydty

dt
dy

dt
yd

dt
yd

dt
yd

 

 which implies that  )()()( 213 tytyty β+α≠ . 

 The system is, therefore, NOT linear. Note that the dc term of (+ 1) on the right hand side of the 
differential equation contributes to the nonlinearity of the system 

 (b) Time-invariance: The system is time-invariant. The proof is similar to Problem 2.1. 

(b) Time-invariance: For x1(t) and 2 1( ) ( )x t x t T= −  applied as the inputs, the outputs are given by 

1)(2)(353 12
1

2

1
1

2
1

2

3
1

3

4
1

4
++=++++ tx

dt
xdty

dt
dy

dt
yd

dt
yd

dt
yd  (S2.9.3) 

1)(2)(353 22
2

2

2
2

2
2

2

3
2

3

4
2

4
++=++++ tx

dt
xdty

dt
dy

dt
yd

dt
yd

dt
yd . 

Substituting 2 1( ) ( )x t x t T= −  we obtain, 

4 3 2 2
2 2 2 2 1

2 14 3 2 2

( )3 5 3 ( ) 2 ( ) 1d y d y d y dy d x t T
y t x t T

dt dt dt dt dt
−+ + + + = + − + . (S2.9.4) 

Substituting t Tτ = +  (which implies that dt = dτ) in Eq. (S2.9.3), we obtain 

 
4 3 2 2
1 1 1 1 1

1 14 3 2 2

( ) ( ) ( ) ( ) ( )3 5 3 ( ) 2 ( ) 1d y T d y T d y T dy T d x T
y T x T

d d d d d
τ τ τ τ ττ τ
τ τ τ τ τ
− − − − −+ + + + − = + − + . 

Or,  
4 3 2 2
1 1 1 1 1

1 14 3 2 2

( ) ( ) ( ) ( ) ( )3 5 3 ( ) 2 ( ) 1d y t T d y t T d y t T dy t T d x t T
y t T x t T

dt dt dt dt dt
− − − − −+ + + + − = + − + . 

Comparing with Eq. (S2.9.4), we obtain 

  2 1( ) ( )y t y t T= − , 

proving that the system is time-invariant. 

(c) Stablity: The system is BIBO stable since a bounded input will always produce a bounded output. 

(d) Causality: Express Eq. (S2.2) as follows: 
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( ) 3 ( ) 5 ( ) 3 ( ) ( )

            5 ( ) 2 ( )

t t t t

t t t

y t y d y d d y d d d y d d d d

x d d y d d d d d d d

φτ τ θ τ θ

φτ τ θ τ θ

α α α α τ α α τ θ α α τ θ φ

α α τ α α τ θ α τ θ φ

−∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞

−∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞

= − − − −

+ + +

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫
 

The output y(t) at t = t0 is given by 
0 0 0 0

0

0 0 0

( ) 3 ( ) 5 ( ) 3 ( ) ( )

            5 ( ) 2 ( )

t t t t

t t

t t t

y t y d y d d y d d d y d d d d

x d d y d d d d d d d

φτ τ θ τ θ

φτ τ θ τ θ

α α α α τ α α τ θ α α τ θ φ

α α τ α α τ θ α τ θ φ

=
−∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞

−∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞

= − − − −

+ + +

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫
 

The system is causal since only the past values of the input x(t), for −∞ ≤ t ≤ t0, are needed to calculate the 
output y(t) at t = t0. ▌ 

 

Problem 2.13 

(i) The system is invertible with the inverse system given by 

)2()( 3
1 −= tytx . 

(ii) To calculate the inverse system, we differentiate the integral to get 

)10()( −= tx
dt
tdy . 

 The inverse system is obtained through two steps. Step 1 compute z(t) = dy/dt, while Step 2 
computes x(t) from the relationship x(t) = z(t + 10). 

(iii) The system y(t) = |x(t)| is not invertible as x(t) = ±a produces the same output y(t) = a.  

(iv) If y(t) is differentiable then x(t) can always be calculated uniquely from the expression 

)()()( ty
dt
tdy

tx +=  

 and the system is invertible. However, if y(t) is not differentiable (for example, it contains a 
discontinuity), then x(t) cannot always be calculated uniquely and the system is not invertible. 

(v) System represented by y(t) = cos(2πx(t)) is not invertible as different values of x(t) = (θ + 2mπ), 
where m is an integer, produce the same output.  

 


