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LTIC systems

* Analyze LTIC system from different
perspectives

— Fourier analysis (in frequency domain)

* Signals can be decomposed based on
any complete set of orthogonal signals.
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Fourier Analysis

(Frequency Analysis)
Input signals Output signals
x, (1) = klejmlt > h(r) x ()= A1k1e>j(mlt+¢l)
x,(1)=k, cos(mlt) x,(1) = 4k cos((olt + ¢1)
x() =k sin(colt) LTI x;(0) = Ak sin((olt + ¢1)
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CT Signal Decomposition
in Frequency domain
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Fourier Analysis

» Decompose signals in frequency domain.

» Base orthogonal signals are single frequency
components:
— Complex exponential signals
— Sinusoidal signals

* Why use these base signals?

— Complex exponential (sinusoidal) signals are eigen
functions of LTIC systems.
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Fourier Analysis
 Periodic CT signals:

— Trigonometric CT Fourier Series (CTFS)
— Exponential CT Fourier Series (CTFS)
» Aperiodic CT signals:

— CT Fourier Transform (CTFT)
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Trigonometric Fourier Series

Fourier theorem:

An arbitrary periodic function x(7) with fundamental period T,
can be expressed as

x(1) = ag + Y (a, cos(neyt) + b, sin(ney))
n=l1

where o, = 27/T, is the fundamental frequency of x(7) and

coefficients a,. a,, and b, (the trigonometric CTFS coefficients)
are given by

=— Ja(r)dr

0 /1—0

— Ir(l)cos no r)dl

OTO/

— j\(l)&lll ;7()0t)dr

Iy, (o)
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Trigonometric CTFS: example

» Sawtooth period signal:
t+1 -1<r<1
0 I<t<2

x(®)
/[ / h VAVAVIES
8 6 -4 -2
Solution:
ay=2
P
i 0 n=3k
{% n=3k+1
‘l Bop=3k+2

15:02:2 _ ooslroy)

4sin(noy )

3(neg )
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Sawtooth Signals
(= % +Zn“ cos(2z ¢ an sin(22z7)
\'a:f n=1 . on=l )
0 e 0da{x(n-ar)
Jf:‘-(t)
2/3
t
-9 -6 -3 0 3 6 9
Evix () - a5}
4
1/3
M rarara >t
S <O PO 0050
0dd(x ()~ a)
A AAN AN
> 1
4 0 6
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Symmetric CT Signals
1. Ifx(#) is zero-mean, then a,= 0.
2. Ifx(r)is an even function, then b, = 0, for all n.
3. Ifx(r)is an odd function, then a,= a, = 0, for all n.
4. If x(7) is a real function, then the trigonometric CTFS
coefficients a,, a,, and b, are also real valued for all 7.
S. If g(r) = x(7) + ¢ (where c is a constant) then the
trigonometric CTFS coefficients {aog .af. b }
of g(7) are given by
DC coefficient: ag =ay +c
Coefficeints a,: af =a, forn=1223,.
Coefficeints b, : bE =b* forn=1,2,3,.
15-02- ' 10
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Full Triangular Signals

Calculate the trigonometric CTES coefficients of the periodic

signal f{#) with fundamental period 7, = 4.

f@®

A

Solution:

2 pisodd.
(nm)”
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0 nmiseven
al} =

Rectangular Pulse Signals

Calculate the trigonometric CTFS coefficients of the periodic
signal w(7) with fundamental period 7, = 3.

Ev{x () — ap}

173
1 1101 .
SO gp0s0e0-t
2/3
Solution:
~ 2 ﬂ)
a, == sm( 3
0.6 [ ]
04
02
060668 -T oY o® o ® o0 .00 o0 .08
P " 0' vléeT @ [ ] il A A Adhd J
-02 ‘
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Truncated Fourier Series
033 o =
:’ ‘n |
[/ \
| \
0 / \ n§20
-0.33]1 .‘ " o
| 1‘ \ Jl
\ /1 | /
-0.66]L.}, 44 ) D\ ol
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-0.99
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066
033} B n=100
T =20
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. n=3
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-0.99
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Exponential Fourier Series

An arbitrary periodic function x(7) with fundamental period 7},

can be expressed as

X(f) — ZD”ejno)ot

m=—x

where o, = 27/T, is the fundamental frequency of x(7)
and coefticients D, (the exponential CTFS coefficients) are

given by

n

1 —ine
D, =— J.x(r)e Ml it
0 (z)

15-02-25 14
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Exponential CTFS

» Exponential CTFS is related to trigonometric
CTFS:

a, n=0
D, =1 3(a,—jb,) n>0
(a_,+jb.,) n<0

15-02-25

Exponential CTFS

Symmetry Property:
The exponential CTFS coefficients D, and D_, are complex

conjugate of each other for real valued sequences.
Parseval’s Theorem:

P=4 [y =3[,
{'p > n=-x
Linearity Property:

If 5, (N2 5D,  andx, ()2 SE,

then  a,x,(f) + a,x,(7) &(IID,’ +a,E,
Time Shifting Property:

If x()«<E2 5D, then x(t—t,)«2 5D, /"0

Reflection Property:

Ifx()«E 5D, then x(-1)«25D_ .

Scaling Property:

If.\‘(f)(&D” then x(ﬁ)(&D

an*
Integration and Differentiation Property:
If x() <<= 5D, then

dy ¢ . > D
—&jnmoD” and J-.\'(z‘)dr(i)—”
%

dt Jnog 16
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LTIC Response to Periodic Signals

) —»  w p— YO

Periodic LTIC Periodic
input system output

* Decomposition in input signals
— Fourier Spectrum

o0
x(t) = Z D, et

m= -

 Superposition in output signals

) = Z DnejnworH(w)Lu:nww

n=—00
15-02-25 17

LTIC Response to Periodic Signals

« Example
— Impuse response:  A(t) = exp(=21)u(r)
— Input signals:

> !
-T z T

 Superposition in output signals

0.6 3 3 T
i i i

(D)
H H
_s —a o a 8

| x(?)

- x
2

%
2 2

04l

0.2 [

o =

15-02-25
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CT Fourier Transform

Valid for both aperiodic and periodic signals

Derived as a limit of CTFS

oA

CTFT analysis equation: X(o)= J' (it di

— 0

CTFT synthesis equation: ()= J. X(0)e’® do

Existence of CTFT

15-02-25

CTFT Example: 1-sided Exponential

Compute the CTFT of the decaying exponential function

x,(f) = exp(—anu(t), a ~ R*.

> 1

0

CTFT: X,(0)=-

(a+jo)

Magnitude Spectrum: |X 1 (0))| = ;
Va+o®

Va] @)

0
e . - 1o
Phase Spectrum: <X, (®)=—tan (:)

<X;(@)
w2
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CTFT Example: 2-sided Exponential

Compute the CTFT of the two sided decaying exponential
function
x,() = exp(—a|t), a ~ R".

x(0)

v
-~

CTFT: X,(o)= ﬂ’—"

+O"

Magnitude Spectrum : |X ) ((01 =20

D) 3
a +om-

2/a ‘Xz (m)|
» o
0
15-02-25  Phase Spectrum: <.X, (0)=0 21

CTFT Example: Constant and impulse

The CTFT of an aperiodic function g(7) is given by
G(®) =271(®). Determine the aperiodic function g(7).

1] x®=1

24 (@) =215(0)

X@)| B

0

Determine the CTFT of the impulse function x(¢) = 3(7).

M x-50)

1| X =1

|X()|

<X(®)=0
15-02-25 > o 22
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CTFT Example: Gate and Sinc

Compute the CTFT of the gate function.
SO =rect(t)

—

0 T
2

wla

F(o)= ‘rsinc(%)

AN

"2 0 2

T

q

-

Compute the CTFT of the sinc function.

g(t)= (%) siuc(%)

AN

0 =
W

G(o) = rect(ﬁ)

» O
15-02-25 w0 w 23
CTFT Pairs (I)
|| 501 _ 4 Xo)=218(0)
CTFT
X(a)] 2=
t (0]
0 0
1 =
x(0)=8(0) . 1| X@)=1 -
CTFT ©)
>
<Xe)=0
t @
0 0
1| s0=ut) ”ﬁ’ X@)=rdo)+5
— C'TFTI’I"y/"\J&
t (5}
0 0
________________ -
t ~ o
0 0 24

15-02-: .~
)
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CTFT Pairs (II)

()= va | X@=72
CTFT o) <=0
t

0

XO=16")

@

x(O)=1"¢""u(t)

A)=sgnf

15-02-25 25
CTFT Pairs (11I)
. X=2n0-c)
hio|=1 x
& <x(r)=cq,< CTFT ur(m)f[ <x0=0
o t 0 @ (0]
x(f)=codayt) . . X(G?:’{&“;‘ﬁb)*&m“b)]
! LA I I <X@)=0
0 ‘ -, 0 o8 °
x(t)=sirloxt) . X(w)=ﬁl[5(t;+%)—5(m-%)]
AN MA/\ < o e
t t > o
TUURU Y T
15-02-2: 26
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CTFT Pairs (IV)

X(t)=coday?) ] X@=1 “:“b)*ﬁ(ﬁ)’f%)]
AAAA%AAA < | [ cxome.
TRVAVATETRVAVAY C A R

X(@)=3|do—ap)+Jo—
%x(f)—cos(mofll(t) i Q)+io-a)

/\ /\ /\ | CTFT R

t > ©

T

N(r)ﬂ*"cos(m)u(t)

o > ¢ N N
0 \/ > Too N °

15-02-25 27

CTFT Pairs (V)

x()=sisloy) X(@)= o+ 0,)-3o-,)]
CTFT r

AMAATAAN, S et
TAYAVATATAVATAY S

x(t)=sin(coot)4(t) X(@)= [5(0) @) +8(0-a, )]

TITIRCWNL

W)w*"siswm)
JAN

\/ >

0

15-02-25 28
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CTFT Pairs (VI)

1 x(t)= rec(%)

= 03
o h 3O={DsindZ) , 1| X@-reck)
PELSIVEUEN MOl =
- 0 W T -w 0 w °
xt0-ak) - Xey=rsind(g)
t > [0}
- 0 T 2 0 2
15-02-25 29
CTFT Pairs (VII)
. ) P
‘ 0= St - , X(m)—?ggﬂ)—”f-)
A A | i‘11<’“"”=£m
T 0T % F 0 3 %

Ay ol X@=c\2ne%e"
RE)]
(ﬂ) < X((D) =0

0
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Inverse CTFT

 Contour integral using the synthesis equation
 Table look-up

 Partial fraction expansion

15-02-25 31

CTFT Properties (I)

Transformation
properties

Time domain

%
1

x(1) = — [ X{w)e' dw
2 J

-

Frequency domain
0

X(w) = [.K(!)C"’”'dt

-

Linearity
Scaling
Time shifting

Frequency shifting

Time differentiation

Time integration

ayx (1) + arxa(r)

x(at)

Frequency differentiation  t"x ()

Duality

Time convolution

Frequency convolution

Parseval’s relationship

X()
Xy () % xa(r)

vi{r) x xalt)

20

ay X (w) + a; Xo(w)

X(w — )

(jew)" X ()

2 2 X(0)5(w)
(1)

2nx(-w)
X (w)Xa(w)

I
— X (w) = Xa(w)]
b2g

P

o

s 1
E, = / '\'(r)hlr:;/:‘X(m)|7dn:

x

-x

Comments

ay,u; €C

a € R, real-valued

ty € M. rcal-valued

wyg € . real-valued

provided dx/dr exists

provided / x(r)dt

-

exists
provided dX/dw exists
. CTFT
if x(1) e—— X(w)

convolution in time
domain

multiplication in time
domain

energy in a signal

Prepared by Prof. Hui Jiang
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Hermitian property

Even function

Odd function

Real-valued and even
function

Real-valued and odd

CTFT Properties (II)

Symmelry properties

v(t) is a real-valued
function

x(r) is even

x(r) is odd

x(r) is even and real-valued

x(t) is odd and real-valued

CTFT: X(—w) = X (w)
real and imaginary components
Re{X(a)} = Re{X(—w)}
Im{X(w)} = —Im{X(—w)}
magnitude and phase spectra
1X(=m)] = | X{w)
<X(~w) = —<X(w)
x
X(w) = 2/.\'(!):0.\'((9!)(!/

0

x

X(w) = ~—)2f.r(.f)si:\(nﬂ)d/

o

Re{X(m)} = Re[X(—~w)}
Im{X(w)} =0

Re{X(w)} =0

real component is even;
imaginary component
is odd

magnitude spectrum is
even; phase spectrum

is odd

simplified CTFT
expression for even
signals

simplified CTFT
expression for odd
signals

CTFT is real-valued and
cven

CTFT is imaginary and

function Im{X(w)} = —Im{X (—w)} odd
15-02-25 33
CTFT of Periodic Signals
* CTFS as samples of CTFT
®
3‘1
-2n n 0 T n > !
15-02-25 34
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Fourier Analysis of LTIC systems
* An LTIC system can be modeled by

— A Linear constant-coefficient differential
equation (with initially rest condition)

— Impulse Response

— Frequency Response (CTFT of impulse response)
* Magnitude (Gain) response
* Phase Response

15-02-25 35

Magnitude and Phase Response

1
0.8 N
|H(@)| o6 N
04 AN
02
0 I —— ®

0 1 2 3 4 5 6

-0.25n

<H(w)
-0.75n

-7

15-02-25 0 1 2 3 4 5 6 36
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Bode Plots

In the Bode plots, the magnitude |H(w)| in dB and phase <H(w) are
plotted as a function of frequency w using logarithmic scale.

|H(®)| (in dB)
|

Prepared by Prof. Hui Jiang

15-02-25

19



