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Graphical Model: concepts 

• Bayesian networks: directed graphical models 

• Markov random fields: indirected graphical models 

Bayesian Networks: Conditional independence  

Bayesian Networks: Learning 

Bayesian Networks: Inference 

Exact Inference: Sum-product algorithm; Max-sum algorithm 

Approximate Inference: Loopy Belief Propagation; Variational 
Inference; Expectation Propagation; Monte Carlo Sampling  

Markov random fields



Graphical Model  
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Use a graph to represent joint distributions of random 
variables:  

• Nodes —>   random variables (RV) 

• Linking  —> dependency among RVs 

Graphical Models may imply conditional independence among 
RVs.  

Two types of graphical models 

• Directed links: Bayesian networks  

• Undirected links: Markov random field 

p(x, y, z)
<latexit sha1_base64="onTduWB/t9je93Qk+dAefQ7A7/U=">AAAB8XicbZDLSsNAFIYnXmu9VV26GVqEiqUkKl52QTcuK9gLtqFMppN26GQSZiZiDH2Lblwo4ta3cde3cZIWUesPAx//fw5zznFDRqUyzYmxsLi0vLKaW8uvb2xubRd2dhsyiAQmdRywQLRcJAmjnNQVVYy0QkGQ7zLSdIfXad58IELSgN+pOCSOj/qcehQjpa37sPxYgXEFPh12CyWzamaC82DNoGQXO0fjiR3XuoXPTi/AkU+4wgxJ2bbMUDkJEopiRkb5TiRJiPAQ9UlbI0c+kU6STTyCB9rpQS8Q+nEFM/dnR4J8KWPf1ZU+UgP5N0vN/7J2pLwLJ6E8jBThePqRFzGoApiuD3tUEKxYrAFhQfWsEA+QQFjpI+WzI1ymOvteeR4ax1XrpHp6a5XsKzBVDuyDIigDC5wDG9yAGqgDDDgYgxfwakjj2Xgz3qelC8asZw/8kvHxBe9VkuY=</latexit>



Bayesian Networks (1)   
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Use a directed graph to represent joint distributions of random variables 

• Nodes —>   random variables (RV) 

• Linking  —> conditional distribution of children given the parents 



Bayesian Networks (1)   
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All relations in a Bayesian network:



Cofounding variable  
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Cofounding variable: with a tail-to-tail connection 

• Unconditionally dependent:   

• Conditionally independent:

a 6? b | ; () p(a, b) 6= p(a)p(b)
<latexit sha1_base64="hG2Vkzg52Effo/Wlz5O2tz3+1XY="></latexit>

p(a, b, c) = p(c)p(a|c)p(b|c)

p(a, b) =
X

c

p(c)p(a|c)p(b|c) 6= p(a)p(b)

p(a, b|c) = p(a, b, c)

p(c)
=

p(c)p(a|c)p(b|c)
p(c)

= p(a|c)p(b|c)
<latexit sha1_base64="nHLKjCWnVnIOnexkOA/p2v3O5T4="></latexit>

Example:  eating ice cream   
                 drowning in swimming pool

⟹

ice-cream drown in pool

hot weather

a ? b | c () p(a, b|c) = p(a|c)p(b|c)
<latexit sha1_base64="dANVCaHnoyJCwTc/4NR5sQN5w6c="></latexit>



Chained variable 
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Chained variable: with a tail-to-head connection 

• Unconditionally dependent:   

• Conditionally independent:

a 6? b | ; () p(a, b) 6= p(a)p(b)
<latexit sha1_base64="hG2Vkzg52Effo/Wlz5O2tz3+1XY="></latexit>

Example:  hungry  cooking  
                  burning fingers 

⟹
⟹

hungry burning

cooking

p(a, b, c) = p(a)p(c|a)p(b|c)

p(a, b) =
X

c

p(a)p(c|a)p(b|c) = p(a)
X

c

p(c|a)p(b|c) 6= p(a)p(b)

p(a, b|c) = p(a, b, c)

p(c)
=

p(a)p(c|a)p(b|c)
p(c)

=
p(a, c)p(b|c)

p(c)
= p(a|c)p(b|c)

<latexit sha1_base64="Eb6s/xLG+7LhTlG/xoEGBFKMTO0="></latexit>

a ? b | c () p(a, b|c) = p(a|c)p(b|c)
<latexit sha1_base64="dANVCaHnoyJCwTc/4NR5sQN5w6c="></latexit>



Selection variable 
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Selection variable: with a tail-to-tail connection 

• Unconditionally independent:   

• Conditionally dependent:

Example:  raining  wet driveway  
             leaking water-pipe   wet driveway

⟹
⟹

raining leaking

wet

p(a, b, c) = p(a)p(b)p(c|a, b)

p(a, b) =
X

c

p(a)p(b)p(c|a, b) = p(a)p(b)
X

c

p(c|a, b) = p(a)p(b)

p(a, b|c) = p(a, b, c)

p(c)
=

p(a)p(b)p(c|a, b)
p(c)

6= p(a|c)p(b|c)
<latexit sha1_base64="Mg5haUcLgdOdGv7ptDdTdqC9Ez8="></latexit>

a ? b | ; () p(a, b) = p(a)p(b)
<latexit sha1_base64="BGM0mPJ9Oelk6hVSD6KJ6rbDkYk="></latexit>

a 6? b | c () p(a, b|c) 6= p(a|c)p(b|c)
<latexit sha1_base64="dzNuAcYQuG8bOhX5JmjVs1JWmmM="></latexit>

Seeing wet driveway, consider whether pipe is leaking:  
Pr(leaking|wet)  > Pr(leaking | wet, raining)  
Raining explain-away why driveway is wet



Example: how to explain-away
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raining leaking

wetW

R L

Pr(R=1) = 0.1        Pr(L=1) = 0.01 
Pr(W=1 | R=1, L=1) = 0.90 
Pr(W=1 | R=1, L=0) = 0.80 
Pr(W=1 | R=0, L=1) = 0.50 
Pr(W=1 | R=0, L=0) = 0.20

Observed: W=1

Pr(L = 1|W = 1) = Pr(W=1,L=1)
Pr(W=1) = Pr(W=1,L=1,R=1)+Pr(W=1,L=1,R=0)

Pr(W=1,L=1,R=1)+Pr(W=1,L=1,R=0)+Pr(W=1,L=0,R=1)+Pr(W=1,L=0,R=0)
<latexit sha1_base64="g6Rz57UZSjopr9nOZoL32KDQPN0="></latexit>

Pr(L = 1|W = 1, R = 1) = Pr(W=1,L=1,R=1)
Pr(W=1,R=1) = Pr(W=1,L=1,R=1)

Pr(W=1,L=1,R=1)+Pr(W=1,L=0,R=1)
<latexit sha1_base64="OXzETTddg+X6pfMGqz8qeA3m5Zc="></latexit>

= 0.1⇥0.01⇥0.9
0.1⇥0.01⇥0.9+0.1⇥0.99⇥0.8 = 0.01125

<latexit sha1_base64="lXRHvbMPihk2bqgFoGJugpeFkqk="></latexit>

= 0.1⇥0.01⇥0.9+0.9⇥0.01⇥0.5
0.1⇥0.01⇥0.9+0.9⇥0.01⇥0.5+0.1⇥0.99⇥0.8+0.9⇥0.99⇥0.2 = 0.021

<latexit sha1_base64="q3h3VwyF5kUCr0r0kwz0JePyylQ="></latexit>



Example: how to explain-away
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raining leaking

wetW

R L

Pr(R=1) = 0.1        Pr(L=1) = 0.01 
Pr(W=1 | R=1, L=1) = 0.90 
Pr(W=1 | R=1, L=0) = 0.80 
Pr(W=1 | R=0, L=1) = 0.50 
Pr(W=1 | R=0, L=0) = 0.20

Observed: W=1

Pr(R = 1|W = 1) = Pr(W=1,R=1)
Pr(W=1) = Pr(W=1,L=1,R=1)+Pr(W=1,L=0,R=1)

Pr(W=1,L=1,R=1)+Pr(W=1,L=0,R=1)+Pr(W=1,L=1,R=0)+Pr(W=1,L=0,R=0)
<latexit sha1_base64="GLjAPasMxWnB270gT/lY4OcWJ2k="></latexit>

= 0.1⇥0.01⇥0.9+0.99⇥0.1⇥0.8
0.1⇥0.01⇥0.9+0.99⇥0.1⇥0.8+0.01⇥0.9⇥0.5+0.99⇥0.9⇥0.2 = 0.3038

<latexit sha1_base64="yMf5NI5LQxllDY+Bowrc0rpuCuw="></latexit>

Pr(R = 1|W = 1, L = 1) = Pr(W=1,L=1,R=1)
Pr(W=1,L=1) = Pr(W=1,L=1,R=1)

Pr(W=1,L=1,R=1)+Pr(W=1,L=1,R=0)
<latexit sha1_base64="MazSfgrWphg1T19AXbjtC8glZ/4="></latexit>

= 0.1⇥0.01⇥0.9
0.1⇥0.01⇥0.9+0.9⇥0.1⇥0.5 = 0.1667

<latexit sha1_base64="ia8Z7TpdGuOBij6NFexwvwyG4qY="></latexit>



Bayesian Networks (3)   
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Conditional independence in Bayesian Networks in general 

D-separation rule: 

Given any three disjoint subsets of variables: A, B, C

A ? B | C or A 6? B | C
<latexit sha1_base64="rTejOkeXZnVZsRyeqKBDOBRuOoc="></latexit>



Learning of Bayesian Networksn
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Model Estimation  

• Structure Learning  (or manual specification)  

• Parameter Estimation 

Inference 

Popular Bayesian networks: 

• Mixture models 

• Hidden Markov models (HMM) 

• Latent Dirichlet Allocation (LDA) 

• Bayesian Learning 



Learning of Bayesian Networks
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 Parameter Estimation: maximum likelihood estimation  

• Full Data: fairly easy but rare  

• Missing data: EM 

p✓(x, y, z, · · · )
<latexit sha1_base64="g56zhlY8xUNKMhoEYfFro9Xnwo0=">AAACAnicbVDLSsNAFJ3UV62vqitxM7QIFUtJVHzsim5cVrAPaEKZTKft0MmDmRsxhuLGT/AX3LhQxK1f4a5/Y5KKqPXAhcM593LvPbYvuAJdH2uZmdm5+YXsYm5peWV1Lb++0VBeICmrU094smUTxQR3WR04CNbyJSOOLVjTHp4nfvOaScU99wpCn1kO6bu8xymBWOrkt/xOZMKAARmVbsph+baMTdr1QO128kW9oqfA08T4IsVqwdx7GFfDWif/YXY9GjjMBSqIUm1D98GKiAROBRvlzEAxn9Ah6bN2TF3iMGVF6QsjvBMrXdzzZFwu4FT9ORERR6nQseNOh8BA/fUS8T+vHUDvxIq46wfAXDpZ1AsEBg8neeAul4yCCGNCqOTxrZgOiCQU4tRyaQinCY6+X54mjf2KcVA5vDSK1TM0QRZtowIqIQMdoyq6QDVURxTdoUf0jF60e+1Je9XeJq0Z7WtmE/2C9v4Jh3GZ+w==</latexit>

n
(x1, y1, z1, · · · ), (x2, y2, z2, · · · ), · · · (xi, yi, zi, · · · ), · · ·

o

l(✓) =
X

i

ln p✓(xi, yi, zi, · · · )
<latexit sha1_base64="tF0JaRrItaPwJcIJOfZd5cmrLfg="></latexit>

n
(x1, ⇤, z1, · · · ), (x2, ⇤, z2, · · · ), · · · (xi, ⇤, zi, · · · ), · · ·

o

l(✓) =
X

i

ln
X

yi

p✓(xi, yi, zi, · · · )
<latexit sha1_base64="tS38IH6ICGcMY8A1fJdY+i/y13c="></latexit>



Inference using Bayesian Networks
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What is Inference?

p✓( x1, x2, x3| {z }
observed X

, x4, x5, x6| {z }
interested Y

, x7, x8, ...| {z }
missing Z

)

<latexit sha1_base64="5lHUs4U1Xj9ITzuTvmelDMK/VAo="></latexit>

p✓(X,Y,Z) =) p✓(Y|X)
<latexit sha1_base64="NQ8P2Ldutr4LDy2k3/C1QthYk9M="></latexit>

p✓(Y|X) = p✓(X,Y)
p✓(X) =

P
Z p✓(X,Y,Z)P

Y,Z p✓(X,Y,Z)
<latexit sha1_base64="Gvk6EwpK9RjfoNCXzFUt/VYe8o4="></latexit>



Exact Inference for Bayesian Networks  
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Message Propagation for Inference 

• Two nodes —> Bayes’ theorem 

• Inference on a chain



Exact Inference for Bayesian Networks  
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Tree-structured Graphical models 

• Sum-Product (Max-sum) algorithm 

General Graphs 

• Junction tree algorithms 

• Computationally expensive 



Sum-Product algorithm (1)  
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Form factor graphs 

Message propagation  

• factor node —> variable node 

• variable node —> factor node 

Two-pass propagation  

• from leafs to root 

• from root to leafs 



Sum-Product algorithm (2)  
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Two-pass propagation over the 
whole graph with initial messages  

• from leafs to root 

• from root to leafs 



Approximate Inference Methods

19

Loopy Belief Propagation 

Variational Inference 

Expectation Propagation  

Mento Carlo Sampling 



Variational Inference 

20

Approximate posterior distributions by the variational distributions  

Variational Distributions: 

• Factorized approximation based on mean field theory  

Variational message passing  

• updating is done via a local calculation on the graph 

• Applicable to large networks 

Example:  Variational Bayes of Gaussian mixture models  



Mento Carlo Sampling
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Estimate p(x2, x5, x6, x7 | x1, x3, x4)



Markov Random Fields (1)   
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Use an undirected graph to represent joint distributions of random variables 

• Nodes —>   random variables (RV) 

• Linking  —> conditional dependency 

Conditional independence  == simple graph separation  



Markov Random Fields (2)   
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How to form the joint probability distribution? 

• Potential functions: defined over maximal cliques 

• Partition function: normalization constant 


